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Modeling the operation of spiral-wound membrane modules is essential for their successful design and optimization.
Such models must include the main types of membrane fouling, degrading desalination plant performance, including
scaling due to sparingly soluble salts. Unfortunately, the complexity of underlying physicochemical processes and the
coexistence of several spatial and temporal scales render intractable modeling of membrane scaling based on first prin-
ciples. Therefore, a suitable (albeit simplified) framework is developed for incorporating scaling dynamics into a fluid
flow model formulated at an intermediate (i.e., mesoscopic) length scale of membrane operation. The general meso-
scopic approach involves integration of spatially distributed submodels, thereby allowing predictions at the large (entire
membrane sheet) scale; these submodels comprise constitutive laws and kinetic rate expressions derived at fine scales.
A submodel for the effect of pre-existing bulk particles on scale formation is developed herein. Several numerical results
are presented to exemplify the potential of the proposed framework. VC 2013 American Institute of Chemical Engineers
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Introduction

The use of reverse osmosis (RO) membranes for water treat-
ment has rapidly expanded during the last two decades.1

Among several designs of reverse osmosis membrane ele-
ments, the so-called spiral-wound module (SWM), comprised
membrane sheets and spacers in-between, seems to offer an
overall optimum balance between operational requirements,
fouling control, efficiency, and packing density.2 SWM is
widely used for several types of applications characterized
according to the operating pressure; for example, for high-
pressure sea-water desalination, low-pressure brackish water
desalination, ultra-low-pressure water, or waste-water
purification.

Membrane fouling is considered as the main problem that
causes degradation of SWM performance, negatively affect-
ing energy consumption, permeate quality, and overall pro-
cess efficiency. The development of a fouling layer on
membrane sheets is determined by the locally varying flow
field parameters, including trans-membrane pressure, fluid
permeation flux, and cross-flow velocity at the retentate side;
therefore, fouling is characterized by spatial nonuniformity
throughout the membrane sheets of each element. To
improve SWM element design and operation, adequate
knowledge (not available at present) is necessary on the tem-

poral and spatial variation of the above parameters across
pressure vessels. The great difficulties in tackling this prob-
lem are well known, as several types of membrane fouling
can occur (often simultaneously) in practical water treatment
operations; that is, scaling due to sparingly soluble salts,3 or-
ganic gel-layer formation,4 biofouling,5 and colloidal particle
deposition.6 In general, the effect of deposits is to reduce the
effective permeabilities of both the membrane and the nar-
row retentate channels, with obvious negative consequences.
The relative significance of this effect on channel and
membrane permeability depends on the type and extent of
fouling, which is at present extremely difficult to predict as
a function of feed-water properties and process conditions.

The development of reliable mathematical models to
describe the performance of SWM is essential for the indi-
vidual module design and optimization as well as for the
design and performance assessment of an entire plant. Con-
sequently, the literature on SWM modeling is significant,
extending from simple empirical models to multiscale mod-
els based on “communicating information” between length
scales to overcome the inherent complexity of the process.
A few modeling works dealing with SWMs include fouling.
Moreover, the mode of fouling seldom incorporated in
mathematical models is scaling. The strong nonlinearity of
this problem with respect to the locally prevailing condi-
tions on the membrane is invoked as source of uncertainty7

discouraging researchers; thus, typically the consideration
of scaling is restricted to the estimation of local
supersaturation.7
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Recently, a model of scaling during dead-end membrane
desalination was developed8,9 based on crystallization/precip-
itation theories, also incorporating population balances. The
basic features of that model are transferred here to the much
more complicated geometry of SWM. This work is consid-
ered a step toward the development of a generalized SWM
model that should account for all aspects of their operation,
including fouling. In the following, a general assessment of
the modeling requirements for the SWM operation is made
first, and the sequence of simplifications/assumptions that
leads from the actual problem complexity to a feasible
model is presented. Next, a particular approach is presented
for incorporating the scaling process submodel into the
entire-membrane scale (i.e., the “large-scale”) modeling
framework. An approach to account for the (commonly
observed in practice) pre-existing particles in the feed-fluid
is also presented. Finally, several results focused on the
innovative aspects of the present model are presented and
discussed.

Problem Formulation

The complete problem of simulating the physical phenom-
ena occurring during operation of a RO membrane module is
extremely complicated; thus, a simplification path must be
followed. The physical problem considered here refers to a
flat-sheet membrane; that is, curvature of SWM is ignored.
Very few studies have investigated the impact of the SWM
geometry on module performance, including that of mem-
brane curvature that might influence the large-scale flow. As
the focus here is on scaling phenomena at small length scale,
neglecting curvature is considered reasonable at this stage of
model development. A further simplification allowing reduc-
tion in the dimensionality of the macroscopic problem is that
the pressure drop in the permeate side is insignificant (or
practically zero in specially designed small-size modules for
experimental study). Hence, the process modeled here is re-
stricted to the retentate side of the membrane. This approxi-
mation is very familiar in the literature for models of RO
membrane operation,10 but it can be removed in future
model development.

This work is focused on the “evolution” of scale on the
membrane due to the supersaturation of sparingly soluble
salts. The possibility is also considered that a small amount
of colloidal particles of such salts is contained in the feed
flow. To be sure, this is not an attempt to study particulate
or colloidal fouling; however, one must take into account the
small amount of particles, commonly present in feed-waters
in practice, which influence the scaling process. The differ-
ence of this work, compared to many literature studies on
the subject, is the inclusion of the scaling process in the
modeling framework for the entire membrane sheet.

The problem to be solved will be described without ex-
plicitly presenting the governing equations. These equations
have only formalistic interest, and they are not amenable to
solution before a significant degree of simplifications/approx-
imations is achieved. The complications in formulating the
problem, for spacer-filled channels, are due to several sour-
ces: the first is due to the geometry, as there are three length
scales of interest in the mathematical problem; that is, the
size scale of surface-particles, the spacer filament size scale,
and the macroscopic (membrane sheet) size scale. A second
source of complexity is the flow unsteadiness.11,12 There are
two main time scales related to unsteadiness: the first is

associated with the scale growth and the second (a finer one)
is inherent in the fluid dynamics of the process. Indeed, the
fluid flow in the geometry created by the spacers and for
Reynolds numbers of practical interest is unsteady leading to
a chaotic flow pattern.11,12 Another source of difficulty is the
complex chemistry of the salts of practical interest. These
salts are not dissociated directly but through several inter-
mediates; however, typically, supersaturation is computed
using chemical equilibria codes assuming spatially homoge-
neous conditions.13 Moreover, interactions between the salts
make the situation even worse.14 Finally, modeling the for-
mation of the solid phase during the precipitation of the salts
induced by local supersaturation, both in the fluid bulk and
on the membrane surface, is always a demanding task.

The direct way to attack the problem is to use the fluid

dynamics equations, the mass conservation equations for all

the participating molecular and ionic species, the population

balance equations for the bulk particles, and the discrete par-

ticle nucleation and growth equations for the surface par-

ticles. The mass conservation equations must include

chemical reaction terms, as the governing reactions may be

shifted from equilibrium.15 Phenomena associated with ion

transport must be also considered in these equations. A

direct attack for solving the above problem is out of the

question, so the following simplification procedures are used.
The spacer-scale problem is generally solved by using

computational fluid dynamics (CFD) approaches, considering
only the fluid dynamics and the mass conservation equations
of a single species (i.e., ignoring the ionic structure of the
scaling compounds). Among several reported approaches,

regarding geometric representation and flow description,16–18

the unit cell approach19 is considered as the most appropriate
in terms of accuracy and efficiency. In this approach, using
advanced numerical techniques,19 an exact solution of the
conservation equations is obtained for a periodic unit cell
and constitutive laws are extracted, applicable throughout the
membrane.20

The direct incorporation of the actual chemistry in the
complex flow field requires to account for the time scales of
flow, diffusion, and reaction. This is one of the major prob-
lems in chemical engineering, which has not been solved yet
for a combination of complicated flows and complex reac-
tion schemes. There are some techniques for simplification
of fast (compared to transport time scale) reactions,21 even
for bulk precipitation of CaCO3, but they involve simple
transport mechanisms (i.e., mainly diffusion22). The only
attempt known, incorporating detailed chemistry to a surface
precipitation model, has been recently made for the problem
of CaCO3 scaling in turbulent pipe flow, using a simple
model for the scale growth.23 Such a chemical scheme can-
not be incorporated in the detailed CFD simulation; thus, the
usual approach is to write down “apparent” conservation
equations for major species and to assume chemical equilib-
rium locally at the position where supersaturation data are
needed for the computation of precipitation rate.8

An even simpler approach used in purely theoretical stud-
ies is to consider the conservation of one species and to
assume a single value of its solubility, defining the supersa-
turation as the ratio of the local concentration values and the
solubility. This approach will be followed in this work tar-
geting to model development and analysis. Combination of
the present models with comprehensive chemical equilibria
codes is straightforward and will be used in the future to
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analyze experimental data. Even simplifying chemistry, the
concentration field arising throughout the membrane sheet is
too complex; thus, in a way similar to the hydrodynamics,19

the multiscale approach is followed. The main requirement
from the mass conservation equations is the knowledge of
the concentration, at a depth near the membrane surface,
which determines the osmotic pressure and the local wall
flux. The flux-concentration interdependence leads to a two-
way coupling between mass transfer and hydrodynamic
problems. This coupling is typically ignored in the CFD sim-
ulations of the concentration fields for the spacer scale ge-
ometry, where either the wall flux is ignored24 or a
prescribed value is assumed.18 The wall velocity creates a
thin concentration boundary layer at the membrane surface
and, thus, introducing another size scale in the problem.

Typically, the resulting concentration fields are used for
the derivation of a time and space averaged Sherwood num-
ber, which is used by the macroscopic model. In general, the
Sherwood number is shown to be a power law function of
the Reynolds and Schmidt numbers; the exponents for the
two numbers are different but in some cases equal exponents
are assumed.18 The Sherwood number is used for the estima-
tion of the concentration polarization modulus that relates
the bulk and surface concentration in the channel through
the so-called film theory.25 The majority of the computa-
tional and theoretical work on the concentration polarization
and its approximation with the film theory or similar techni-
ques refers to steady laminar flows in which Sh varies along
the flow.26 However, in highly dispersive flows like the pres-
ent one, Sh does not change along the flow leading to a con-
stant concentration polarization modulus. Here, the Sh
number relations based on three-dimensional (3-D) unit cell
CFD simulations24 are used; it is noted that permeate flow is
ignored in these simulations. It is well known from old theo-
retical works on heat transfer27 and from recent numerical
simulations of concentration polarization7 that the Sh number
is linearly related to the wall Peclet number (i.e., Peclet
number based on wall velocity). This contribution may be
substantial for laminar flow where transverse transport is
dominated by conduction, but it is certainly insignificant for
flows with high degree of mixing where transverse transport
also occurs by convection.

An additional source of complexity is related to the sur-
face precipitation process, described by nucleation and parti-
cle growth steps for discrete particles. There are two levels
of averaging required to go from the discrete particle scale
to the mesoscopic (membrane sheet) scale: the first is related
to homogenization with respect to particle scale and the sec-
ond to the homogenization in the unit cell. Unit cell homog-
enization has been theoretically justified for hydrodynamics
(considering a moderately nonlinear process) in narrow chan-
nels with spacers.20 However, the expected accuracy of the
homogenization for highly nonlinear processes such as pre-
cipitation is questionable. Fortunately, recent experimental
results from this laboratory28 suggest that the surface particle
concentration and size essentially do not vary throughout a
unit cell of the spacer pattern.

The preceding critical assessment, starting from first prin-
ciples, has resulted in a set of physical assumptions on which
the model of the scaling process is based. It is noted that the
model presented herein considers complete rejection of salts
by the membrane, which is quite realistic for RO desalina-
tion processes; however, its extension to arbitrary rejection
(that may apply to other desalination processes such as nano-

filtration) is straightforward. The basic aspects of the model
will be presented separately as follows. It is stressed here
that addressing the entire membrane operation is extremely
complicated, and there are two general approaches to pro-
ceed in modeling tasks. The first is to develop empirical
models and to extract parameters using data from real mem-
brane operations; the second and more ambitious one is to
develop locally applicable models, based on first principles,
and to extract physical parameters from model experiments
that isolate or eliminate particular aspects of the practical
process, for example, by dealing with a single fouling mode
or by eliminating flow field complexities. This work deals
with the model-development part of the second approach. In
parallel, experiments have already been performed, without
the flow field complexity created by the spacer, to extract re-
alistic precipitation parameter values8; furthermore, mem-
brane scaling experiments, performed in spacer-filled narrow
channels (simulating local conditions in flat-sheet membrane
modules), provide detailed data of incipient scale forma-
tion,28 helpful in this direction.

Scale development

The presentation starts from the scale development equa-
tions. The driving force for surface precipitation is the exis-
tence of supersaturation; that is, local salt concentration
corresponding to a supersaturation ratio larger than unity.
The precipitation proceeds by two mechanisms, that is,
nucleation that creates new surface particles and particle
growth that leads to size increase of the previously created
particles. The particle shape is assumed to be a hemisphere
(i.e., contact angle with the substrate p/2) without lack of
generality, as the shape effect can be absorbed into the ki-
netic parameters. According to nucleation theory,29 the
nuclei diameter dc (m) is given as

dc5
4Vmrhet

kBT ln Sð Þ (1)

where Vm (m3) is the molecule volume of the solid phase, rhet

(N/m) the surface energy for heterogeneous nucleation, T the
temperature (K), and kB the Boltzmann constant [m2kg/(s2

K)]. The volume of the hemispherical nuclei is ac 5 (pdc
3)/12.

The surface nucleation rate is given by the relation

Jn5Anexp 2
16pr3

hetV
2
m

3 kBTð Þ3 ln Sð Þð Þ2

 !
(2)

The units of Jn are number of nuclei per square meter per
second (#/m2/s). The pre-exponential coefficient An (#/m2/s)
can vary by several orders of magnitude, and the only way
to be determined (like rhet) is by fitting model results to
experimental data for the particular system under study. The
following parameter is used for clarity of presentation

Bn5
16pr3

hetV
2
m

3 kBTð Þ3
(3)

In general, the particle grows through two sequential steps,
that is, diffusion of the active substances from liquid to par-
ticle surface and surface reaction on the particles. For the
small particle sizes of interest in the present application, the
diffusion step is very fast and can be neglected. The surface
reaction rate expression considered here corresponds to a
polynuclear growth mechanism. This mechanism implies
layer by layer growth with multiple two-dimensional nuclei
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in each layer. The molar rate of produced solid salt per unit
area is given as30

JR5kRS7=6 S21ð Þ2=3
ln Sð Þð Þ1=6e2ER=ln Sð Þ (4)

where the units of JR are moles of the salt per square meter
per second [mol/(m2 s)], kR is a rate constant having the
same units as JR, and ER is a dimensionless parameter that
defines the sensitivity of the growth rate to the supersatura-
tion. Taking into account the assumption of hemispherical
shape of particles, the molar flux rate can be transformed to
the volumetric growth rate for a particle of volume x

G xð Þ532=3 2pð Þ1=3 JR

VmNA
x2=3 (5)

where NA is the Avogadro number and the units of G are
m3/s. The probability density function of the surface concen-
tration of particles with volume x (units number/m3) is
defined as f(x,t). The evolution equation for f considering
nucleation and growth phenomena is as follows

@f x; tð Þ
@t

1
@G xð Þf x; tð Þ

@x
5Jnd x2acð Þ (6)

The function d is the well-known Dirac delta function,

and it is used to designate the generation of new particles of

size ac. For the problem at hand, the knowledge of only

some integral properties of the particle-size distribution is

sufficient, so the monodispersed distribution approximation

can be applied. The zero and first moments of f(x,t) denote

the particle number and deposit mass per surface area,

respectively, and are defined as

Mi5

ð1
0

xif x; tð Þdx i50; 1 (7)

The units of Mo are #/m2 and of M1 are m3/m2 5 m. Mul-
tiplication of Eq. 6 by xi and integration of both sides, from
x 5 0 to x 51, results in

@Mi

@t
52 G xð Þf x; tð Þ½ �10 1i

ð1
0

xi21G xð Þf x; tð Þdx5ai
cJn i50; 1

(8)

Assuming a monodisperse form for the particle-size distri-
bution, that is, f(x,t) 5 Mod(x 2 M1/Mo) a closed problem
results with respect to the moments Mo and M1, which takes
the form

dMo

dt
5An exp 2

Bn

ln Sð Þð Þ2

 !
(9)

dM1

dt
532=3 2pð Þ1=3kRVmNAS7=6 S21ð Þ2=3

ln Sð Þð Þ1=6e2ER=ln Sð Þ

Mo
M1

Mo

� �2=3

1acAnexp 2
Bn

ln Sð Þð Þ2

 !
(10)

It is noted that the above equations were derived for the
case of small surface coverage by crystals (defined by scale
coverage fraction u). In some practical cases, the scale covers
a large portion of the membrane surface and, thus, modifying
its permeability; under such conditions, Eqs. 9 and 10 must be
modified. The nucleation term in both equations must be mul-
tiplied by (1 2 u), because nuclei can be created only on the

free from particles surface. For large surface coverage, over-
lapping between particles occurs, and modification of the
growth term is also needed. The problem has been extensively
discussed in the context of solid reaction theory31 but much
less for surface phenomena like the present one.32 Neverthe-
less, the simulations reported here are restricted to u< 0.25,
which covers all cases of practical interest; therefore, it is re-
alistic to ignore particle overlapping.

The concentration boundary condition for the CFD simula-
tions must be a balance between convective flux, diffusive
flux, and phase transformation rate, that is

vwc1D
@c

@y
5

1

VMNA

dM1

dt
5R (11)

where vw (m/s) is the permeate wall velocity, D (m2/s) the
active substance diffusivity, and y the direction transverse to
the main flow (y 5 0 on the membrane wall). In the follow-
ing, the right-hand side term of Eq. 11 is denoted as R [mol/
(m2 s)] for clarity of presentation.

Membrane equations

The key question here is how to include the surface pre-
cipitation boundary condition to a description of the process
at the membrane scale. In the absence of precipitation, the
concentration in the wall region ci is related to the bulk con-
centration cm at the specific position along the membrane
through the following film theory relation

ci5cmexp
vw

km

� �

where km is the mass-transfer coefficient. This equation
can be derived by assuming a film close to the wall where
transfer occurs only by diffusion, whereas outside the film
perfect mixing occurs. A much more formal derivation of
this expression is obtained by considering the total diffusiv-
ity function DT(y) comprised of molecular and turbulent dif-
fusivity, dependent on the distance y from the wall.33

Ignoring axial variation leads to the following equation hold-
ing at each location along the membrane

@

@y
vc1DT yð Þ @c

@y

� �
50 (12)

where v is the liquid velocity toward the wall. The concen-
tration boundary layer is restricted to a region close to the
wall (thin film), so the assumption v 5 vw can be made. For
the same reason, the far-field condition c 5 cm is transferred
to y ! 1. The wall boundary condition at y 5 0 is

vwc1D
@c

@y
5R (13)

The mass-transfer coefficient is related to DT(y) as

km5

ð1
0

1

DT yð Þ dy

2
4

3
5

21

(km units: m/s). Solving Eq. 12 with its

boundary conditions, taking the value of c at y 5 0 and using
the relation for mass-transfer coefficient leads to

ci5cmevw=km 1
R

vw
12evw=km

� �
(14)

Thus, the problem is closed without an explicit knowledge
of DT(y); only the coefficient km must be known. This
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coefficient can be obtained in the form Sh 5 aRebScc from the
unit cell CFD simulations.24 In case of flow with high degree
of mixing, the above approach is very accurate; indeed, under
such conditions the flow consists of a core of uniform concen-
tration cm and a thin wall layer where concentration varies
from cm to ci on the membrane surface, in a specified manner.
The high values of DT(y) in the core and the small volumetric
flow in the thin film (i.e., no inertia with respect to concentra-
tion variation) is the reason for the success of this approach.

Having modified the film theory to account for the surface
precipitation, the basic equations for the membrane scale
model are presented. From the 3-D unit cell CFD model
simulations,24 it was found that Dp

Dz 52f1Ref2 .
This relation is transformed to the following equation for

the pressure drop along the channel

dp

dz
52f1

q12f2lf2

h11f2
U22f2 (15)

where p (N/m2) is the pressure in the channel, z the direction
along the channel, U the cross-sectional average velocity (m/s),
q the liquid density (kg/m3), and m the liquid viscosity (kg/(m
s)), h the half-height of the channel, and L the channel length.
The liquid mass conservation leads to the relation

h
dU

dz
52vw (16)

The mass conservation equation for the active substance
(salt) takes the form

hU
dcm

dz
5vwcm2R (17)

The term R is added based on the fact that there is no mass
accumulation in the film region, so the fluxes at its two bound-
ary planes must be the same. The mathematical problem is
completed through a relation between the wall velocity and
the local pressure and membrane surface concentration ci

vw5
kw 12uð Þ

dl
p2Ccið Þ (18)

where kw (m2) is the membrane specific permeability, d the
membrane thickness, and C (N m/mol) the osmotic pressure
coefficient. It is assumed that the permeance of the mem-
brane is proportional to the fraction of its surface free of
scale.7 The system of equations must be solved for the oper-
ation in time, throughout the membrane sheet. The mass-
transfer coefficient varies in time and space through its Re
(and subsequently U) dependence. The boundary conditions
are c 5 co and U 5 Uo at the inlet of the channel (feed condi-
tions). In case of constant pressure operation, the inlet pres-
sure is fixed (i.e., p 5 po at z 5 0). The problem is more
complicated for the constant flux mode of operation where
the inlet pressure is an unknown function of time po(t) and
must be determined from the (practically realistic) require-
ment of constant in time total permeate flow; that is

ðL
0

vwdz5constant

Effect of particles

The fate of the particles existing in the feed stream are of in-
terest here. The study of the particle concentration field, in the
presence of a permeable wall, has been extensively studied in

the context of cross flow filtration34 and colloidal fouling.35 In
the former case, the usual assumption is that the particles do
not adhere on the porous wall, whereas in the latter particle–
wall interactions may be considered. All the above studies
deal with steady laminar flow. For unsteady flows, as in the
present case, additional phenomena like turbulent diffusion
and turbophoresis come into play.36 Given that the problem
dealt with here has not been studied before (i.e., the concentra-
tion of particles is very small, and there are particle–solute
interactions), the following approach is taken, recognizing
also that a direct attack is not possible. As in the case of the
species concentration field, the particle field is composed of
two regions; that is, the “core region” where the number con-
centration N (#/m3) is uniform in the transverse direction
(equal to Nm) and a “boundary layer” of greater particle con-
centration close to the permeable wall. The particle growth in
the core region can be ignored because of the relatively low
salt concentration and the small particle residence time therein
(typically of the order of few seconds).

Assuming small particle size and concentration, transport
mechanisms as lift force, shear induced diffusion, and turbo-
phoresis can be ignored37 leaving only convection toward
the wall and turbulent diffusion as prevailing mechanisms.
The governing equation is

@

@y
vN1DTp yð Þ @N

@y

� �
50 (19)

where DTp(y) is the total diffusivity (molecular ant turbulent)
of the particles. The boundary conditions are

N5Nm at y!1
vwN1Dp

@N

@y
5r at y50

(20)

where Nm is the particle concentration in the core of the
flow. The quantity r (particles/(m2 s)) is the rate at which
particles are attached on the wall. In general, this quantity
depends on the interaction forces (double layer and Van der
Waals interaction) between particles and wall.38 The analysis
on the relation of r to these forces for nonporous wall can
be found elsewhere.39 The extension of the theory for porous
walls is an open subject. A phenomenological approach is to
assume r proportional to the convective flux of particles to
the wall r 5 kvwNi, where Ni is the concentration of the unat-
tached particles at y 5 0 and k is a number between 0 and 1
denoting the probability of attachment and expected to
depend on physical properties (surface potential and
Hamaker constant) of the particles and the wall.

The above equations ignore the growth of particles, which
is a realistic assumption. Indeed, the residence time of the
boundary layer particles is greater than the corresponding
time in the core, but still it is much smaller than the growth
time scale of the surface particles; therefore, the increase of
the dispersed particle size along the flow path can be ignored
as a first approximation. Furthermore, the Sc number of the
particles is much larger than the Sc number for the salt, so
the particle boundary layer is much thinner than the salt
boundary layer. In the scale of the salt concentration bound-
ary layer, the particles appear to be located on a thin plane
sheet adjacent to the wall, so the ionic species consumption
for the growth of surface particles can be considered as a
contribution to boundary condition (13) for the salt concen-
tration equation. The surface concentration of the moving
unattached particles can be found by integrating the particle
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number concentration excess across the boundary layer.
Solving Eq. 19 in a way similar to that of Eq. 12, results in

N5ðNm2
r

vw
Þe

vw

ð1
y

1

DTp y0ð Þ dy0

1
r

vw
(21)

Substituting the proposed expression for r and eliminating
Ni leads to

N5Nm
12k

12k1kevw=km
e

vw

ð1
y

1

DTp y0ð Þ dy0

1
kevw=km

12k1kevw=km

0
BBBBB@

1
CCCCCA
(22)

Integrating the particle concentration excess across the
boundary layer, the surface concentration Ns of the unat-
tached particles is given as

Ns5Nm
12k

12k1kevw=km

� �ð1
0

e

vw

ð01
y

1

DTp y00ð Þ dy00

21

0
BBBBB@

1
CCCCCAdy0 (23)

Having resolved approximately the particle concentration
field, the particle effect can be incorporated in the developed
membrane operation model. In particular, the attached par-
ticles contribute to the population of the surface particles, so
the corresponding Eqs. 9 and 10 must be transformed to

dMo

dt
5Anexp 2

Bn

ln Sð Þð Þ2

 !
1kvwNm

evw=km

12k1kevw=km
(24)

dM1

dt
532=3 2pð Þ1=3kRVmNAS7=6 S21ð Þ2=3

ln Sð Þð Þ1=6e2ER=ln Sð Þ

Mo
M1

Mo

� �2=3

1 12uð ÞacAn exp 2
Bn

ln Sð Þð Þ2

 !

1kvwNm
evw=km

12k1kevw=km

pd3

6

(25)

where d designates the average diameter of particles in the
feed. The governing equation for Nm is derived in the same
way as the equation for cm; that is

hU
dNm

dz
5vw Nm2r5vw Nm

12k

12k1kevw=km
(26)

Finally, the boundary condition for the salt at y 5 0 (Eq.
13) is modified by adding a term of salt consumption by
unattached particles. The solution of the salt conservation
equations leads to the following modification of Eq. 14

ci5cmevw=km 1
R

vw
ð12evw=kmÞ

1
Nspd2kRS7=6 S21ð Þ2=3

ln Sð Þð Þ1=6e2ER=ln Sð Þ

vw
12evw=km

� � (27)

The quantity R in the above equations corresponds to the
one obtained from Eq. 10 and not from Eq. 25. To facilitate
understanding, Figure 1 provides a schematic depicting parti-

cle involvement in the modeled membrane scaling process.
The competition between surface and bulk particles for the
membrane surface is also described schematically in a recent
article,40 but it is believed that the surface particle concentra-
tion is exaggerated there.

In case of particles, the complete profile DTp(y) is needed
instead of the mass-transfer coefficient. This can be deter-
mined by generalizing the form of the total diffusivity in tur-
bulent pipe flow41; that is, DT5D1 l

q q1Req2 y
h

� �q3 .
The Sherwood number is related to DT as follows

Sh5
D

h

ð1
0

1

DT yð Þ dy

2
4

3
5

21

(28)

Replacing the expression for DT in the integral and match-
ing the expression for Sh to the power law derived from unit
cell CFD simulations,24 the parameters qi can be obtained
for each type of spacers. For the small particles without iner-
tia considered here, the turbulent diffusivity is just a flow
property; thus, the total particle diffusivity can be deter-
mined from DTp5Dp1 l

q q1Req2 y
h

� �q3
, where the Brownian

particle diffusivity Dp is given by the Stokes–Einstein
relation.

Indicative Results and Discussion

The model developed is rather complicated and includes
many parameters and variables. Some additional complica-
tions can arise in practical cases of membrane operation. In
many such cases, there are more than one salt in the liquid,
so the above model should be extended accordingly. The
salts in general behave in two different ways: in one limit,
the highly soluble NaCl has a solubility, so large that its os-
motic pressure inhibits membrane operation before precipita-
tion occurs; in the other limit, the sparingly soluble salt
(e.g., CaCO3) is encountered in comparatively small concen-
tration, leading to insignificant osmotic pressure increase but
to significant scaling. However, there are salts of an interme-
diate behavior (i.e., exhibiting simultaneous precipitation and
non-negligible osmotic pressure), usually in applications of
desalting brackish water.7 Nevertheless, in the case of desalt-
ing sea-water, the role of CaCO3 and NaCl on the membrane
operation and the way it is modeled can be different (how-
ever, directly accommodated in the general model presented
here). In such a case, the model also allows to account for
the well-known strong dependence of the CaCO3 supersatu-
ration on the local NaCl concentration.14 Obviously, the real
systems are so complicated that there is no meaning at this
point to strive to obtain practical results, although they are,
of course, the ultimate target of the model. Instead, results
for specific aspects of the model (especially for the innova-
tive ones) will be given, which will be also of relevance to
special idealized experimental set-ups, and results to be
obtained from them, for testing the theoretical modeling.

First, to focus on the surface precipitation model, a short
membrane sheet is considered with an insignificant portion
of the feed-fluid passing through the permeable wall. This is
a typical laboratory experimental set-up, facilitating well-
controlled parametric studies. In such a case, the variation of
the variables along the short test-section is insignificant and
can be totally ignored leading to a zero-dimensional model;
that is, with time as the only independent variable. It is fur-
ther considered that only one sparingly soluble salt exists, so
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that the set of precipitation parameters used is very similar
to those derived in a previous work by comparing theory
and experimental results for membrane precipitation in a
simpler dead-end filtration geometry.8 A typical concentra-
tion for CaCO3, encountered in practice, is used (co 5 2
mol/m3) and the following additional parameters are used for
the sensitivity analysis: inlet supersaturation So, wall perme-
ate velocity vw, and mass-transfer coefficient km. Typical val-
ues for realistic conditions are assigned to these parameters,
for the following cases: Case 1 (So 5 2, vw 5 3 3 1026 m/s,
and km 5 1025 m/s), Case 2 (So 5 2.5, vw 5 3 3 1026 m/s,
km 5 1025 m/s), Case 3 (So 5 2, vw 5 1025 m/s, km 5 1025

m/s), and Case 4 (So 5 2.5, vw 5 1025 m/s, km 5 0.5 3 1025

m/s). Case 5 is also considered, which is the same as Case 3
but with the nucleation term not modified for the free surface
area (using 1 2 u); Case 5 is used to asses the effect of this
correction. It is assumed that there are no particles in the
feed stream. The set of scale formation model parameters
used in all the examples is: Bn 5 25, ac 5 10226 m3, kR 5 5
3 1026 mol/(m2 s), ER 5 1, and Vm 5 50 3 1026 m3/mol.

In the following results, the time axis is in a logarithmic
scale for convenience in the presentation of results. The sim-
ulations finish when the membrane surface fractional cover-
age u exceeds 0.25 to obtain meaningful results. The
evolution of the surface concentration is shown in Figure 2,
for Cases 1–5. The initial values of the ratio ci/cm corre-
spond to the concentration polarization modulus, which is
much smaller in the presence of spacers compared to the
unidirectional laminar flow case, that is, simple rectangular
channel.42 The modulus in general increases with increasing
vw and decreasing km. As the initial modulus increases and
So increases, the precipitation rate increases leading to a
faster reduction of the surface concentration ci. Case 5
exhibits somewhat faster precipitation with respect to Case 3
as a result of neglecting the factor 1 2 u in the nucleation
rate.

Figure 3 shows the evolution of the surface particle con-
centration for the cases considered. The particle number ini-
tially exhibits a rather steep increase, thereafter attaining a
steady value when the salt concentration is reduced. Further
scale development occurs only by growth of the existing par-
ticles. The evolution of the respective average surface parti-
cle diameter is shown in Figure 4.

In the case of relatively larger local supersaturation the num-
ber of nuclei is larger, so the size that can be attained by the
particles is smaller, for a specified degree of surface coverage.
The difference between Cases 3 and 5 is negligible, because it
is related mainly to the particle number (nucleation). The evo-
lution of the membrane surface coverage is shown in Figure 5.
It is worth noticing the sensitivity of the scaling process to the
basic problem parameters; that is, variation less than 100% of
the quantities So, vw and km leads to a range of characteristic
times for scaling extending from 10 to 105 s.

The next step is to examine the effect of the particles
present in the feed stream on the scale formation. The
attached particles are simply added to the surface particles
as is the case for the simpler geometry examined in a previ-
ous work.9 The existence of unattached particles is an impor-
tant aspect of this work, so the following results will be
focused on them. Particle concentration profiles close to the
membrane surface for several particle diameters are shown

Figure 2. Evolution of the ratio ci/cm of surface to bulk
salt concentration for Cases 1–5.

Figure 1. A schematic of the processes at particle and boundary layer scales.

Thick lines denote transfer by flow.
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in Figure 6 (for vw 5 3 3 1026 m/s, Re 5 100, and h 5 0.5
mm). As particle size increases, the particle diffusivity
decreases leading to greater particle accumulation close to
the surface. The thickness of the concentration boundary
layer is of the order of 1 mm which means that for larger
particles a scale breakdown occurs. Nevertheless, the
assumption for the derivation of the present approach does
not hold for larger particles. Taking into account the difficul-
ties of considering discrete approaches for the bulk par-
ticles,43 the present approach can be marginally used up to
the limit of 1 mm for particle diameter. The particle accumu-
lation decreases when attachment probability k takes nonzero
values. The normalized effective surface concentration of the
unattached particles Ns/Nm vs. particle diameter is shown in

Figure 7. The quantity Ns/Nm has inverse length units and is
an increasing function of particle size and wall velocity. It is
noted here that even a small value of probability k can have
a large effect on Ns for relatively large particles. To examine
the effect of the particles on the scaling process, results from
a specific case will be presented. The parameters of this case
are (km 5 1025 m/s, vw 5 6 mm/s, d 5 1 mm, So 5 2, and
k 5 0). The concentration of the bulk particles in the feed
stream is expressed through their volume fraction Vf in the
dispersion, to render evident their small amount. Changing
Vf from 10212 to 10210 the effect of particles varies from
marginal to huge as can be seen from the ci/cm evolution

Figure 3. Evolution of surface particle number density
Mo for Cases 1–5.

Figure 4. Evolution of average surface particle diame-
ter for Cases 1–5.

Figure 5. Evolution of fractional surface coverage by
scale u for Cases 1–5.

Figure 6. Normalized particle number concentration N/
Nm vs. distance from the membrane surface
for several particle diameters d and attach-
ment probabilities k.
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curves in Figure 8. Actually for Vf 5 10210 all the salt
amount, which is available for scaling, is consumed for
growth of the unattached particles (exiting the membrane
section considered) instead of being incorporated in the
developing scale. The effect of the bulk particles on the
evolution of the surface particles is presented in Figure 9.
The number concentration of surface particles decreases, as
Vf decreases and goes practically to zero for Vf 5 10210. It is
stressed that the case presented here is an extreme one
with no particle attachment at all (k 5 0), but it clearly
demonstrates the capabilities of the developed model to
accommodate the physical phenomena involved.

A set of results regarding a sheet of realistic dimensions
are presented next for the case of a sparingly soluble salt to

demonstrate the capability of the model to describe the spa-
tial evolution of scale. The prevailing conditions are
Uo 5 0.1 m, vw 5 3 3 1026 m/s, So 5 2.5, L 5 1 m. The evo-
lution of the spatial surface concentration profile (normalized
with the inlet concentration co) is shown in Figure 10. Ini-
tially, the surface concentration increases along the channel
due to increasing bulk concentration. With time, scaling on
the membrane surface increases; therefore, the reacting spe-
cies consumption rate for scale formation also increases. In
general, the scale amount is greater toward the end of the
channel due to the initial shape of the surface concentration
profile. Furthermore, the increased scale mass at the end of
the channel leads to a uniform concentration profile along
the channel surface at intermediate stages. As the scaling
process proceeds, the wall permeate velocity decreases due
to reduced membrane permeation, which tends to reduce
concentration polarization leading to the decreasing profile
of ci, shown in Figure 10 at long time values.

The evolution of the number density of the surface par-
ticles Mo along the channel is shown in Figure 11. The num-
ber density of particles tends to increase along the flow path.
By comparing the profiles at times 2000 and 3000 s, it
appears that the rate of formation of new particles decreases
along the main flow direction. This is compatible with the
reduction of the surfaces salt concentration along the flow
discussed earlier. Figure 12 depicts the evolution of the axial
profile of the average (over the size distribution) surface-par-
ticle diameter; the latter tends to monotonically decrease
along the flow direction. This trend is attributed to the
increasing number of particles along the main flow direction
and to the surface concentration profile that tends to decrease
along the flow as time proceeds. Finally, Figure 13 shows
the temporal evolution of axial profiles of membrane surface
coverage by scale. These profiles are monotonically increas-
ing along the flow direction, in accord with the evolution of
number density profiles. In the example of the sparingly
soluble salt considered here, the osmotic pressure is assumed
to be insignificant and for a high-pressure process the

Figure 7. Ratio of effective surface concentration of
unattached particles Ns to bulk particle con-
centration Nm vs. particle diameter d, for
several wall velocities vw, and attachment
probabilities k.

Figure 8. Evolution of the ratio ci/cm of surface to bulk
salt concentration for several particle volume
fractions Vf in the feed stream.

Figure 9. Evolution of surface particle number density
Mo for several particle volume fractions Vf in
the feed stream.
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profiles of the ratio vw/vwo are proportional to 1 2 u. In sum-
mary, the typical results presented here, for isolated innova-
tive aspects of the developed modeling framework,
demonstrate how they can be integrated to simulate scaling
evolution during an actual membrane operation.

Concluding Remarks

A general framework is presented for the development of
a comprehensive modeling tool of SWM operation taking
into account inorganic crystallization/scaling effects. The
well-known approach of process scales separation is fol-
lowed, whereby CFD simulations of transport phenomena in
the spacer-filled channels of a module (at the unit cell level)
are used to extract constitutive laws needed for the develop-
ment of a global model applicable at the membrane-sheet

scale. Starting from first principles, the line of assumptions
and simplifications is presented in detail, which leads to en-
gineering-type models without sacrificing the parameter de-
pendence of phenomena involved. Special efforts are made
to include the effect (on scaling) of particles usually existing
in the feed stream to a membrane module. Future research
activities involving the developed model will be along the
following lines: first, it is planned to use the model for the
assessment of detailed experimental data to be acquired in
this laboratory, getting valuable insights that may lead to
model adjustments and improvements. Second, this model
will be integrated with other computational modules describ-
ing colloidal/organic fouling, into a general model aiming to
simulate all aspects of practical SWM operation.

Figure 10. Profile of the ratio ci/co (surface to inlet salt
concentration) along the channel at several
time values.

Figure 11. Profile of the surface particle number den-
sity Mo along the channel at several time
values.

Figure 12. Profile of the average surface particle diam-
eter along the channel at several time
values.

Figure 13. Profile of the surface coverage by scale u

along the channel at several time values.
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